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DESIGN FOBHULAS FOR BIAXIALLY LOADED 
11IIN-WALLED STEEL BOX COLUMNS 
N.E. Shanmugam~. J.Y. RIchard Liewlil apd S.L. Lee3 
SYNOPSIS 
Simplified design equations for predicting the ultimate load capacity 
of thin-plated steel box columns under combined action of axial stress and 
biaxial end moments is proposed. These equations allow for local buckling 
of component plates and different levels of welding residual stresses. 
Results obtained by using the proposed design equations are compared with 
those computed by numerical procedure for columns having different loading 
condi tions and various column and plate parameters. The limitations of 
the design equations are then discussed and their accuracy examined. 
Comparisons between the predIcted results and experimental results are 
also made. 
INTRODUCTION 
Design of thin-walled compression members requires the consideration 
of local plate buckling, overall column buckling and interactive local and 
overall buckling. The authors have previously (11) presented an 
analytical method for predicting the ultimate strength of thin-walled 
steel box columns simply supported and subjected to axial load and biaxial 
end moments. The numerical method is carried out in two stages; in the 
first stage, Moment-curvature-thrust (M-iTl-P) relationships of a locally 
buckled column segment are established using tangent stiffness (9) method. 
Local buckling of component plate is accounted for in terms of effective 
wIdth (14) usIng the effective width formulae (5,7). The M-~-P 
relationships are then incorporated into the column analysis, in the 
second stage, in which the differential equations of bending are 
integrated numerically. The ultimate strength is then obtained by using 
Horne's stability criterion (4). 
The method takes into account the effect of residual stresses of 
different ma~itude and column initial deflection on the load carrying 
capacity of columns. The accuracy of the method has been established by 
comparing the analytically pr~dicted values with the corresponding 
experimental loads of large-sca'!e steel box column models subjected to 
biaxial eccentric loading (8). 
Several deSign methods (3,6,10,12) have been suggested for the design 
of welded thin-walled members subjected to eccentric loading; they are 
restricted to uniaxial bending and the effect of reSidual stresses is not 
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included expl1clty in the calcu.lations. The object of the present paper 
is, therefore, to propose simple design formulas to predict the strength 
of thin-walled steel box columns subjected to biaxial loading. The design-
formulas are based on the informations derived from the computer analysis 
presented in Reference 11 and it follows closely the AISC-Q factor method (1). . 
Q-FACTOR 
The expression for the Q-factor can be derived based on the follow1ng 
assumptions; (1) the cross section is considered to be a box-section of 
breadth b, depth d and thickness- t. 'b' is assumed to besmaUer than 
'd'; (2) the component plates are assumed to be simply supported along the 
welded edges; (3) the maximum strength of the cross section is the sum of 
maximum strength of component plates. The Q-factor is written as 
I;; b /b + d /d 
Q = __ ~e~~~e~ 1 + I;; (1) 
b in which I;; = d ~ 1.0; be and de are the effective width and effective 
depth of the flange and web plates of a box section, respectively 
(Fig. O. 
ULTIMATE LOAD CAPACITY OF AXIALLY LOADED COLUMNS 
The formula for local and overall interaction buckl1ng strength of 
axially loaded columns can be written, based on the AISC-Q factor method 
(1) as 
P = Q P 
u y 
where A =~.f& 
y nr y 
y 
and ~ = 1 + 0.293 (A iQ - 0.15) + QA2 
y Y 







For Q = 1, the above Perry-Robertson type formula fits, closely, with 
the SSRC curve '2' and ECCS curve 'b' which are commonly proposed for use 
in designing welded box columns. 
Figure 2 shows a plot of eqn. (2). Numerical points obtained by 
using the computer method (11) are also plotted for comparison. Columns 
are assumed to be square in shape and to have sinusoidal initial 
out-of-straightness with a maximum mid-span deflection of Ll1000. 
Numerical results for~' equal to 0.1 and 0.2 are presented. It can be 
rc 
observed that the computed data for welded plates with ~:c = 0.1 and 0.2 
and ~Yb ranging from 0.7 and 1.3 fall within a narrow scatter band which 
can be predicted by eqn. (2) with reasonable degree of accuracy. 
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ULTIMATE LOAD CAPACITY OF BIAXIALLY LOADED COLUMNS 
A general form of biaxial bending interaction equation is proposed as 
follows: 
P Mx My 
P + M' (1 - P/P ) + M U - P/P ) .. 1 (5) 
u UK ox uy ey 
This equation can be used in practical design when overall stability 
governs the limit state. For members with low column slenderness ratios 
or at support locations, local buckling rather than overall buckling, may 
govern the limit state. In such cases, the following equation is adopted 
M M ~+~+-.!...:S10 QP MM' 
y ux uy 
(6) 
where.P, Mx and My are the applied axial force and bending mements about x 
and y axes, respectively. Pu is the axially loaded column strength 
defined -by eqn. (2). P and P are the Euler's buckl1ng strength for 
ex ey 2 2 
fully effective section defined by Py/Ax and Py/Ay' respectively. 
M' = M (1. 07 - 0.172 A ) :s M (7) 
uxux y ux 
M and M are the ultimate moment capacity of the effective cross 
ux uy 
section about x and y axes, respectively. 
Mux for a thin-plated box section bent about the x axis (shown in 
Fig. 1) can be obtained as follows. The effective width of the 
compression flange at first yielding is computed by substituting {3 = J3Yb 





~ 2: 0.526 
0.2766 (Rrb - 1.901 C2 - C3 - 0.526 C,) 
-3 C {32 - 2 C {3 
'yb 3 yb 
0.526R 
rb (0.526 - (3 ) - 1.5 C, (0.526 + (3 ) 
yb yb 
2R (0.526 (3 - 0.2766) 
rb yb 







/3Yb = t (10) 
c and Cy are the compressive normal strain and yield strain. Rrb is the 
strength ,eduction factor caused by residual stresses defined by 
where 
R = 1 - cr 
, 
iJl1 rb rc 
1 - cr' iJl1 iJl2 rc 
1 - cr' iJl2 rc 
f32 
yb ~1 - (1.052 f3 - 0.2766) 
yb 
171. 27 f34. 
yb 
iJl2 = -(-13-.-1-+-3-.-2-6'::"S-{3-4-)-2 
yb 
0.526 :s /3Yb :s 1.413 




cr' is the normalized compressive residual stress with the idealized 
rc 
distribution as shown in Fig. 3. 
The position of neutral axis y of the effective cross section, as 
shown in Fig. 1 is calculated as 
deb + 2d ) + (d2 _ d2 ) 
Y D __ -c0~~~e~1~~,-~e72~~orl~ b + b + 2(d + d 1 
e 01 02 
(13) 
where dOl and d,,2 are the effective width of web plate at first yielding 
under combined compression and bending. They can be obtained by using the 
equations 
= 0.5 R 
rb 
b b 
02 e1 ~ = (1 + 0.44a) ~ 
b 
1.44 ~1 + a:l 
f3 i!: 0.526 
{3 < 0.526 (14) 
a :s 1.0 
a > 1.0 (15) 
in which a = 1 - cr2/cr1 , where cr1 and CT2 are the maximum and minimum edge 
stresses. bel and b,,2 are the effective widths defined in Fig. 4. 
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The ratio of d /d can 
,,2 be obtained as 
d (-gl + jg2 + 4g2 ) e2 1 
d 2 
b d 
where t; (1 + be) - 0.88 01 gl d 
(~lr + (1.44 t; b + 2) d b 1.88 (1 + be) e1 t; e g2 d+ b 
d d 
If ( ~1 + ~2) S 1.0 (i.e. web buckling occur) then 
I 
ex 
(d3 + d 3 ) 
t [b? + be (d-y)2 + 01 6 .,2 
d 
e2 - 2) + 2d (- - y) 
e2 2 
where y is defined by eqn. (13). 
d d 
d 2 01 




If ( ~1 + ~2) > 1.0. (Le. web plates do not buckle) then eqns. 
(13) and (18) reduce to 
y 
and 





I is the second moment of the effective cross-sectional area. The 
ex 
moment capacity of the effective cross section about x-axis, l1ux can thus 
be obtained by the expression 
I cr 
M ~ (21) 
ux (d - y) 
Similarily, the moment capacity about the minor axis, Muy can be obtained 
using the same procedures as given for calculating Mux' simply by 
interchanging b and d values. 
In Fig. (5), the cross-sectional moment capacity about the x axis 
normalized by the respective plastic moment M , are plotted against the 
px 
nondimensional flange plate slenderness ratio ~Yb for different values of 
b/d ratios. It is observed that the moment capacity of the cross section 
decreases as the component plate slenderness increases. Further reduction 
in strength can occur when the web plates become too slender. The welding 
residual stresses have significant effect on the moment capaci ty. Weu 
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buckling tends to occur at smaller f3Yd value for plates having higher 
compressive residual stresses. For example, web buckling t .. nds to occur 
when the web slenderness ratios exceed 1.52 and 1.257 for~' equal to 0.1 
rc 
and 0.2 respectively. For heavily welded box columns, web buckling may 
occur at lower plate slenderness ratio hence, their effect on overall 
column buckling strength cannot be neglected. The interaction formula for 
uniaxially loaded box columns proposed by Usami and Fukumoto (12) has 
ignored the local buckling of the web plates in deriving the 
cross-sectional moment capacity; this may lead to an overestimation of the 
ultimate strength. 
ACCURACY OF THE PROPOSED FORMULAE 
Comparison with more exact solutions 
The computer method given in Reference 11 and the proposed design 
formulae (eqns. 5 and 6) were applied to analyse pin-ended, thln-plated 
square box columns of various proportions subjected to biaxial end loads 
and the results are presented in Fig. 5. For all these results, a 
compressive residual stress of 0.1 ~y with the rectangular type of 
distribution shown in Fig. 3 was assumed. For the results obtained by 
using the computer program, sinusoidal deflections of Lll000 were assumed 
in the computation of long columns. 
Biaxial interaction curves shown in Fig. 5 are for slender square box 
columns having nondimensional plate slenderness ratio, f3Yb = 0.7, 0.9 and 
1.1. In this figure, curves are presented for various values of p and two 
different values of nondimensional column slenderness ratio viz. 0.4 and 
0.8. It can be observed that the biaxial bending capacity of column 
decreases significantly as p increases. The interaction curves obtained 
by the computer method exhibit a nonlinear behaviour whereas those 
obtained by using the proposed interaction formula are linear. The 
computer solution as shown in Fig. 5 for columns having f3Yb = 1.1 
indicates a reduction in strength for columns under biaxial bending when 
load path e tends towards 45° (i. e. M = M ). This observation is true 
x y 
for A = 0.4 and 0.8. The reason for this is that when M and Mare y x y 
applied in equal magnitude, both flange and web plates may buckle under 
the combined compressive edge strain. Whereas, if one of the bending 
moment is dominating, only one plate element is susceptible to local 
buckling. The proposed formulae, again, fail to show this phenomenon 
because the terms P, M and M in eqn. (5) are calculated separately 
u ux uy 
and hence the true column interaction behaviour cannot be accurately 
accounted for. In Fig. 6, column strengths are presented in terms of 
normalized resultant moment m and nondimensional column slenderness, A 
T Y 
for loading path defined by 9 = 45°. Curves are plotted for f3 = 1. 0 
yb 
with p varying from 0.05 to 0.5. Residual stress is chosen to be 0.1 ~y' 
It can be observed that, the proposed design formula gives a satisfactory 
prediction of column strength and in most cases, it is conservative as 
compared to the more exact computer solution. 
Comparison with experimental results 
35 large-scale test on square and rectangular box columns were 
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carr led out by Usaml and FukWDoto (12,13) (Tables 1 and 2), Columns 
having slenderness ratio (Llr) varying from 35 to ~~ and plate 
width-thickness ratio (b/t) ranging from 22 to 59 were testod to failure. 
Chlew et a1. (2) reported tests on 20 small-scale box columns in which 
higher plate width-thickness ratios, up to 80, were used (Table 3). 28 
large-scale welded box columns tested under biaxial loading were reported 
by Richard Liew et al. (8) (Table 4). The parameters in the test program 
included plate slenderness ratios, column slenderness ratios, cross 
sectional shapes and eccentricities of loading. In addition to these, 
extensive measurement of residual stresses and initial colulDn 
imperfections were also made. 
Failure loads of all these column specimens were computed by using 
(i) the computer method (ii) the proposed design formulas and (iii) 
BS5950: Part 1: 1985 British Standard for structural use of steelwork in 
buildlng. The predlcted failure loads, along with those experimentally 
observed are presented in Tables 1-4 as ratios of the collapse load to the 
respective squash loads. 
In Table 3, measured values of v' were used for numerical 
rc 
predictions since no stub-columns tests were carried out. It has also 
been pointed out (13) that the use of stub-column test, rather than direct 
measured values of residual stresses, to determine the stress reduction 
factors is theoretically more reasonable since the effective width 
formulae usually have indirect means to allow for plate imperfections. 
The predicted results using BS5950 were based on the stress reduction 
factors spec~fied in Table 8 of Section 3.6 for bUilt-up sections of the 
code. For rectangular sections, the stress reduction factors were 
obtained based on an area weighted values of v for the web and flanges. 
y 
A further reduction of 20 MPa was allowed to account for the effect of 
welding residual stresses. Robertson constant equal to 3.5 was chosen for 
Table 27(b) of the code. The interaction equation based on a simplified 
approach given in Section 4.8.3.3.1 was used to compute the strength of 
columns subject to eccentric loading. In the calculation of the buckling 
resistance moment capacity Mb , the lateral torsional buckling has been 
ignored since most rectangular sections had b/d ratios greater than or~ 
equal to 0.75. 
In Tables 1-4, the mean values and standard deviation of the 
comparisons between the observed and predicted values are given. These 
comparisons with design formulae are also presented in graphical form in 
Fig. 7. The comparison shows clearly that the computer method gives 
reasonable correlations and the predictions in most cases lie within ±15 
percent. The formulae presented in this paper give conservative results, 
nevertheless, it has maintained a reasonable degree of accuracy. In all 
cases, BS5950 shows highly conservative predictions. The proposed 
formulae are simpler to use unlike the computer method which usually 
involves complicated calculation procedures which is too expensive and 
undesirable at the design stage. 
CONCLUSIOHS 
Although design charts for initially imperfect columns can be 
generated by using the more vigorous computer technique, I.he complexity 
involved makes this approach very undesirable at the design stage. 
Simplified design equations are, therefore, proposed to facilitate the 
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design of such colunms. These simplified equations allow for local 
buckling of component plates and account expllci tly for the effect of 
welding residual stresses. This Is desirable in the design of fabricated 
members, where the degree of locked-in residual stresses in the cross 
section depend highly on the speed and intensity of the applied heat 
source and also on the plate width-thickness ratio. The accuracy of these 
equations is verified by comparing the predicted failure loads with 
available test data and the computer solutions. The results show that the 
proposed formulae are accurate enough for the design office where 
repetitive analyses are required and at preliminary stages of practical 
design. 
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NOTATIONS 
The following symbols are used in this paper: 
A = area of cross section 























median planes of walls 
effective width of the flange and web plates 
= effective widths of plates subject to compression and bending, 
defined by eqns. (14) and (15) 
constants defined by eqn. (9) 
load eccentricities in x and y directions 
second moment of effective area about the x axis 
elastic coefficient of buckling of a simply-supported plate 
length of column 
applied end moment about x and y axes 
plastic· moment capacity about the x axis 
ultimate moment capacity of a cross section bent about x and y 
axes 
reduced ul tlmate bending strength of a beam bent about the 
strong axis 
nondimensional moments defined by MxlMpx' My/Mpx 
resultant moment defined by Jm2 + m2 
x y 
applied axial load 
Euler buckling loads- about the strong and weak axes 





















nondimenslonal-axlal load defined by P/Py 
factor defined by eqn. (1) 
strength reduction factors for flange and web plates due to 
the effect of residual stress 
position of neutral axis of bending 
plastic section modulus about x axis 
b 
t 
nondimensional slenderness ratios for the flange and web 
plates defined 
respectively 
by b t 
compressive residual stress 
0- /0-
re y 
yield strain and stress 
Poisson's ratio 
and d t 
~ ie ~ ie are the nondimensional column slenderness 
nr y'nr y 
x y 
ratios about x and y axes, respectively 
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Fig. 4 Effective widths of plate subject to 
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Fig. 5 Comparison of interaction curves for 
biaxially loaded square box columns 
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Fig. 6 mT - Ay curves for biaxially loaded square 




C" 0·8 LU 













.. Richard Liew et al.I Ref. 8 ) , 
151.,' 
, 
o Usami et aL I Ref. 13 ) , 
o Us ami et al. I Ref. 12 ) , , , 
• Chiew et al. I Ref. 2 ) , 0" ,,/ , 
" 
/15% , . , , , 
, 
o " , , 
o· rj}~ , , 
, 
,9i'o , 
, D' 0 , 
,0 , 
, , , 
+ 0 'b 
0 , 
, 
, I~:." , , 
, 4" 
" /~'" " " , , 
, , 
, 
0·3 0·4 D·5 0·6 0-7 0·8 0·9 
Pexp/Py 
Comparison of experimental values and 
theoretical values obtained by design 
formulae 

